A flexure strip has constraint characteristics, such as stiffness properties and error motions, that govern its performance as a basic constituent of flexure mechanisms. This paper presents a new modeling approach for obtaining insight into the deformation and stiffness characteristics of general three-dimensional flexure strips that exhibit bending, shear, and torsion deformation. The approach is based on the use of a discretized version of a finite (i.e., nonlinear) strain spatial beam formulation for extracting analytical expressions that describe deformation and stiffness characteristics of a flexure strip in a parametric format. This particular way of closed-form modeling exploits the inherent finite-element assumptions on interpolation and also lends itself for numeric implementation. As a validating case study, a closed-form parametric expression is derived for the lateral support stiffness of a flexure strip and a parallelogram flexure mechanism. This captures a combined torsion-bending dictated geometrically nonlinear effect that undermines the support bearing stiffness when the mechanism moves in the intended degree of freedom (DoF). The analytical result is verified by simulations and experimental measurements.
Introduction
Flexure strips are common building blocks of flexure mechanisms that guide motion by means of elastic deformation [1, 2] . Although these mechanisms provide a limited range of motion, this motion is deterministic and repeatable. These attributes make flexure mechanisms useful in precision manipulation designs.
A flexure strip can be regarded as a constraint element [3] : when connected to two rigid bodies, one at each end, the flexure strip constrains certain relative motions. This function is dictated by its elastic properties and a consequence of its slender geometry: typically, one dimension (i.e., the thickness) is at least an order of magnitude smaller than the length and width. Figure 1 depicts a flexure strip that is clamped on the left side. The right side exhibits relatively small stiffness along certain directions, characterized as degrees-of-freedom (DoF), and relatively large stiffness along other directions, characterized as degrees of constraint (DoC) or support bearing directions [4] . Considering the motion of the free end with respect to the fixed, the translational y-direction and the rotational x-and z-directions are DoF; the rotational y-direction and translational x-and zdirections are DoC. This translational z-direction is also referred to as the lateral support direction in the present work. While an ideal constraint element would provide zero stiffness along the DoF and infinite stiffness along the DoC, the flexure strip clearly deviates from the idealized constraint with only a limited, even though large, ratio between DoF and DoC stiffness.
Several components contribute to DoC compliance of flexure strips: in addition to common linear elastic contributions from bending, shear, and elongation, a nonlinear dependency on Fig. 1 Deformed fixed-free flexure strip with general end-load of forces F x ; F y ; F z ; and moments M x ; M y ; M z displacement is present. Such a geometric stiffness nonlinearity causes an unwanted DoC stiffness decrease when the strip deformation along a DoF increases [5, 6] . This stiffness component is a manifestation of the trade-off that exists between DoF and DoC performance characteristics [4] . When seeking to synthesize and optimize flexure mechanisms, a designer benefits from parametric insight into the relation between performance and design variables, to achieve an objective compromise. A designer needs to know how the choice of material, dimensions, and loads (forces and moments) acting on the ends affects the performance characteristics of the flexure strip, in order to exploit its behavior in mechanism designs. Such design insights are the topic of this work.
While the finite-element method generally gives accurate results, it does so for only a single configuration at a time, without offering direct insight into the relevant design parameters and their sensitivity. This establishes the need for mathematical, closedform relations that express the performance of building blocks in terms of design parameters. In particular, the flexure strip deforming spatially (in 3D) due to a general end-load (as depicted in Fig.  1 ) deserves treatment because of its use in practical applications.
In literature, various analytical models can be found that work toward this objective. In structural mechanics, the subject of beam and plate theory encompasses structures shaped like typical flexure strips. Research results in this field have accumulated over centuries and resulted in a vast body of literature. For a comprehensive overview in the context of flexure mechanisms, the reader is referred to Ref. [7] .
To establish some context for the present work, we provide a sampling of relevant literature on flexure strip models. The beam constraint model [4, 8] describes the constraint behavior of planar (2D) flexure strips that deform solely in the (x, y)-plane of Fig. 1 . In a compact closed-form parametric format, it captures relevant nonlinearities with sufficient accuracy for a practical load and displacement range. The presence of geometric nonlinearities that cause a decrease in DoC quality with increased DoF motion is shown between the translational x-direction DoC and y-direction DoF. While the beam constraint model has been extended to spatial (3D) deformation [9] , it is limited to slender beamlike flexures that, unlike flexure strips, have two comparable cross-sectional principal area moments of inertia. Although pseudorigid body models have been extended to 3D [10, 11] , they are fundamentally not parametric in the applied loads and preclude effects that stem from the distributed compliance of flexure elements. Limited to the case of a specific embodiment of a parallelogram flexure mechanism that deforms in 3D, Brouwer et al. [5] presented accurate analytical expressions for the stiffness in various constraint directions, taking into account shear compliance and constrained cross-sectional warping.
The present investigation does not contribute any new mechanics theory; instead, a novel contribution of this paper is a new approach for extracting closed-form expressions pertinent to flexure design, from an existing mechanics formulation. Ultimately, this supports further development of comprehensible models that aid flexure mechanism designers. A key new idea of this approach is to perform analytical calculations by means of the discretized version of a continuum beam model. While conventionally used for numeric computations, the nature of the discretized model here facilitates analytical calculations by exploiting the inherent finite-element assumptions on interpolation.
To convey this new approach, this paper provides both the foundation (an overview of the adopted model) and a validation (a rederivation of prior art results and a new experiment). The novel contributions of this paper further include a closed-form expression for the lateral support stiffness of a flexure strip as a function of its transverse displacement and a spatial end-load (i.e., involving torsion). The expression explicates the observation that DoC performance, i.e., support bearing stiffness, diminishes when the strip is deflected in the intended DoF. Moreover, via a carefully designed and conducted experiment, this work presents the first direct measurement of the lateral stiffness of a parallelogram flexure mechanism as a function of its transverse displacement. Many factors that adversely affect the measurements have been accounted for, such as unintended sources of compliance in the system, friction/hysteresis/backlash in actuation and sensing, and measurement drift.
The rest of this paper is organized as follows. Section 2 primes the reader with a brief overview of the continuum beam model. Section 3 provides the discretization step and discretized model. Section 4 examines the lateral support stiffness of a flexure strip as a case study. Section 5 validates the closed-form model with an experiment. Section 6 presents the conclusions.
Continuum Model
While the general three-dimensional continuum mechanics relations govern the flexure strip behavior of interest, simplifying assumptions are necessary to get the comprehensible model that we aim for. It has been shown that one-dimensional beam theory with some refinements is sufficiently accurate for practical flexure strip geometries, obviating the need for the more complex plate theory [5, 7, 12] . These refinements account for effects that stem from the platelike behavior of flexure strips with certain geometries, such as the effect of the warping and anticlastic bending constraint. Past experience with the software implementation [13] of this theory has confirmed its capability to numerically predict experimental measurements on flexure mechanisms [14] [15] [16] . In this section, we will give a brief overview of a beam model capable of bending, torsion, shear, and elongation deformation, based on Timoshenko's assumptions.
Kinematic Description of a Deformed Beam.
A statically deformed, load-carrying, spatial beam can be represented by a Cosserat rod [17, 18] , consisting of (1) the position of the beam's elastic line (2) the orientation of the cross sections This beam representation is convenient, because it adds the notion of a rotation field-unlike general elasticity theory, which only considers a displacement field.
The fixed-free beam in Fig. 2(a) has an undeformed length L and independent coordinate s ʦ [0, L] along the elastic line. The orientation of a cross section at an arbitrary position on the elastic line is given by an orthonormal set of three vectors x , pointing in the average [19] normal direction to the cross section e y and e z , pointing in the direction of the principal axes of the cross section, hence spanning the cross-sectional plane
The vectors e
x ; e y , and e z (with overbar) thus represent a local frame (Fig. 2(b) ), dependent on s, that defines the orientation of each cross section. The origin of this local frame coincides with the centroid of the cross section. For the purpose of this work, the left end of the beam (s ¼ 0) is considered fixed, so that the crosssectional orientation vectors at s ¼ 0 can be used as fixed coordinate frame vectors e x ; e y , and e z (without overbar), i.e., ½e x e y e z :¼ ½e x e y e z at s ¼ 0, for fixed coordinate system x, y, z. All vectors are resolved in this coordinate system unless noted otherwise. Then, the cross-sectional orientation in the deformed configuration can be defined by the transformation ½ e x e y e z |fflfflfflfflfflfflffl{zfflfflfflfflfflfflffl} deformed cross section ¼ RðsÞ ½ex ey ez |fflfflfflfflfflfflffl{zfflfflfflfflfflfflffl} undeformed cross section (1) where RðsÞ is a rotation matrix. The coordinates of the elastic line in the fixed frame are expressed ( Fig. 2(c) 
where vector r 0 ðsÞ denotes the undeformed (straight) elastic line, and uðsÞ ¼ ½u x ; u y ; u z T denotes the deflection. The cross-sectional orientation can be expressed by a number of parameters, such as the components of e
x ; e y ; e z , the components of R, or some parameterization of R [20] . We will choose the three Tait-Bryan angles / x ; / y , and / z to represent successive, intrinsic, active rotation about the x-, y-, and z-axes, according to (3) where c and s are short for cosine and sine, and /ðsÞ ¼ ½/ x ; / y ; / z T . Six functions, viz., the orientation parameters /ðsÞ and the elastic line rðsÞ, fully define the deformed configuration of the fixed-free beam. and collected in c ¼ ½c
A prime denotes differentiation with respect to s. These nonlinear expressions are constructed to ensure consistency with the exact beam equilibrium equations and energetic duality to the internal forces and internal moments [22] .
With the parameterization of r and R in Eqs. (2) and (3), they can be given an interpretation. Using a second-order series expansion of R, the strains are as follows:
ðtransverse shear x; y ð Þ-planeÞ
ðtransverse shear x; z ð Þ-planeÞ
Three curvature measures are identified as
yÞ-plane
2.3 Constitutive Relations and Internal Loads. In general, a beam cross section is loaded by a force vector NðsÞ and moment vector MðsÞ. A general constitutive model expresses these internal loads as nonlinear functions of the deformation measures [23] . Common linear elastic material behavior is given by
where E is Young's modulus, A is the cross-sectional area, G is the shear modulus, k y and k z are the shear correction factors, J is Saint-Venant's torsion constant, and I y and I z are the area moments of inertia about the principal axes. This particular constitutive model has been used before [14, 24, 25] and will be adopted in Sec. 3.
Strain Energy.
For elastic materials, the strain energy in terms of the deformation measures c and j is given by
where subscript i refers to the ith component of the corresponding vector.
Discretized Model
The one-dimensional continuum model is converted to a discrete model of finite size. This has been detailed and implemented as a finite element in numeric software (serving, e.g., as a solver for large problems or as a validation for analytical calculations) in the past [13, 21] . This section treats a new presentation of the discretization procedure that emphasizes the continuum model origin and improves clarity in the process of obtaining closed-form expressions, exemplified in Sec. 4 with a case study.
The essence of the discrete beam model is that the characteristic properties (such as deformation and stress state of the beam) are no longer continuous functions of the coordinate along the beam; instead, these properties are given by a set of discrete variables that are inferred from only the configuration of the beam endpoints.
Kinematic Description of a Discrete Beam
values at the beam endpoints, i.e., at s ¼ 0 and s ¼ L. These points, referred to as nodes p and q, account for the entire kinematic description of the finite beam element. By considering one side (node p here) of the beam to be fixed in this work, we neglect any rigid-body motion of the finite element and solely focus on its deformation. The only parameters needed to describe the deformation of the resulting discrete beam model are the nodal coordinates in q: These six parameters are collected in the nodal coordinate vector
3.1.1 Interpolation Between Nodes. Interpolation functions can be used to estimate the position and orientation between nodes p and q. These are based on the solutions of linear analyses of beams and are given by [21, 26] 
with dimensionless coordinate n ¼ s/L and shear factors
The longitudinal displacement and twist angle are interpolated linearly, i.e., u x ðnÞ ¼ u q x n and / x ðnÞ ¼ / q x n. Despite the linear analysis nature, geometric nonlinearities are accounted for by means of the (discrete equivalent of the) nonlinear finite deformation measures in Eq. (4) .
The use of the interpolation functions in Eq. (8) implies that axial loads have no significant contribution to the internal bending moments. To accurately model the effects of axial loads, the interpolation functions in Eq. (8) can be complemented with an additional term [4, 27] .
3.2 Strain Energy Balance. We now state that the stress state of the discrete beam is characterized by generalized stresses r. They give rise to a deformed state, characterized by discrete deformations e that are energy-conjugates of r. Consequently, the strain energy of the discrete beam is given by
The principle relating the discrete model to the continuum model is chosen to be that both contain the same strain energy when subjected to the same nodal loads. Under the assumption of linear constitutive relations, i.e., Eq. (5) for the continuum and r ¼ Se for the discrete model with as of yet unknown stiffness matrix S, this balance is expressed as
Although up to this point both r and e lack a specific definition, Eq. (10) provides the condition that ensures that they are energyconjugates and consistent with one-dimensional continuum theory. It also shows that, in accordance with its construction, the discrete model contribution (on the left-hand side) does not depend on the material coordinate s. Table 1 summarizes the various analogous beam properties that have been introduced in the continuous and discrete model. In the remainder of this section, the stress and strain measures will be specified further, along with the appropriate constitutive model.
Generalized Stresses.
In order to specify some relation between the constant generalized stresses r of the discrete model and the internal loads MðsÞ and NðsÞ of the continuum model, first, average internal loads, independent of s, are defined (denoted by a superscript tilde). They are based on the continuous strain energy for linear material behavior, i.e., the right-hand side of Eq. (10), asM
With this strain energy balance, the constantsM andÑ are defined as curvature-and strain-weighted averages of the internal loads. Also, two auxiliary characteristic lengthss y ands z are defineds
as the distance from s ¼ 0 to the centroid of the j y ðsÞ and j z ðsÞ diagrams.
Interpretation of Average Internal
Loads. An interpretation of the average bending momentsM y andM z and the auxiliary characteristic lengthss y ands z follows from a linear analysis, i.e., for infinitesimal displacements, when the strains and curvatures can be linearized, and load equilibrium can be applied in the undeformed configuration. In that case, the constant torsion moment, normal force, and shear forces are identical to, respectively, M x ;Ñ x ;Ñ y , andÑ z . Figure 3 shows a beam (dashed) subjected to pure bending in the (
using the linear curvature term of Eq. (4). At the tangents intersection s ¼s y , we therefore imagine a torsion spring that stores this amount of strain energy when rotated by D/ y due to average bending momentM y . When shear deformation is also present, the extra shear strain energy term is
where the shear angle is assumed to be constant. Figure 4 depicts both bending and shear deformations. The cross sections still have the same orientation, but now the elastic line tangents in both nodes are offset by the shear angle c z . Because c z is constant (the shear force in a linear analysis does not vary), the tangents still intersect at D/ y . We therefore consider the beam deformation to occur in two stages:
(1) Curvature due to bending is concentrated in s ¼s y and caused byM y . Bending strain energy is represented by a torsion spring rotated by D/ y . (2) Shear forceÑ z is applied in s ¼s y and establishes shear angle c z . Shear strain energy is represented by a linear spring of length c z L, according to Eq. (13).
This interpretation focuses on deformation in the (x, z)-plane. For deformation in the (x, y)-plane, a similar reasoning holds, leading to an interpretation of average loadsM z andÑ y and the auxiliary characteristic lengths z .
Choice of Generalized Stresses.
In general, the beam nodes are each loaded by three forces and three moments that must satisfy six equilibrium equations. This means that only 12 À 6 ¼ 6 loads are independent; these can be used to define six internal stress measures that solely cause deformation (and no rigid-body motion). Having defined the average loads in Eq. (11), we now specifically choose the generalized stresses: a normal force, a torsion moment, and bending moments at both the ends of the beam 
To get the same dimensions (of force) for all r i , the moments are scaled with length L. When the displacements are assumed infinitesimal (instead of the finite, but small, displacements considered in the current investigation), these generalized stresses revert to the ones used in the linear analysis of Besseling [28] .
Discrete Deformation Functions.
With the definitions of generalized stress r in Eq. (14), expressions for the associated discrete deformations e follow from the energy balance in Eq. (10) with Eqs. (11) and (12) as
Based on geometry, an alternative derivation of these expressions was given by Jonker and Meijaard [21] ; the agreement confirms the validity of the current approach, which is instead based on energy conservation to highlight the connection with the original continuum model in Sec. 2. A visualization of deformations e 1 -e 6 can be found in Boer et al. [29] . Geometric nonlinearities are taken into account by using the second-order expansions of the strain and curvature relations from Eq. (4). With the interpolation functions (Sec. 3.1), the discrete deformations as a function of the nodal coordinates x become
when cubic and higher-order terms are neglected. In accordance with its construction, e i shows what the deformed beam looks like Fig. 3 Interpretation of average bending momentM y using an imaginary lumped torsion spring Fig. 4 Interpretation of average bending momentM y and shear forceÑ z using imaginary lumped torsional and linear springs when subjected to generalized stresses r i . The quadratic terms are the discrete equivalent of the second-order terms in the finite strain and curvature relations of Eq. (4) of Reissner.
3.5 Equilibrium. According to the principle of virtual work, the generalized stresses are in static equilibrium with the nodal loads if and only if r T de ¼ f T dx holds for all dx and de. Vector dx represents the virtual variations of the nodal coordinates x defined in Eq. (7). Quantities dx and de cannot be varied independently; their relation follows from Eq. (16) . The equilibrium condition is expressed as
where the nodal loads are collected in
3.6 Stiffness. The discrete analog of the linear constitutive relations of the continuum is derived in a similar fashion to the expressions of the discrete deformations e, by using the energy balance that is the basis for the discrete model in conjunction with the interpolation functions (Sec. 3.1). The stiffness matrix S ¼ diagðS 1 ; S 2 ; S 3 ; S 4 Þ has diagonal components
and relates the discrete deformations e to the generalized stresses r ¼ Se.
Case Study: Lateral Support Stiffness
A flexure strip is represented by the discrete model that was presented in Sec. 3. Since this model captures important spatially deforming flexure strip attributes, it can be used to model a wide variety of flexure mechanisms. In this section, the lateral support stiffness of a flexure strip will be investigated as a case study and a validation.
Node p is fixed and node q is loaded by forces F q y and F q z in the y-and z-directions. These forces are defined in the global frame, meaning that their orientation does not change when the strip deforms. The cross section is oriented such that the translational y-direction corresponds to the DoF and the z-direction to the DoC of the strip, as indicated in Fig. 5 . The displacement of node q in the global z-direction, u q z , due to the applied forces is studied as it is characteristic for the support stiffness in this direction.
The solution approach is to start with a kinematic examination of the geometric nonlinearities that are involved. Then, equilibrium conditions will be approximated to express the kinematic relation in terms of nodal forces.
Kinematic Relations.
Deformation of the discrete beam model occurs in six modes, termed discrete deformation functions e i . They are the discrete analog of the curvature and strain properties for the continuum beam model.
Geometric Nonlinearities.
The discrete deformations e i are functions of the nodal coordinates x. Due to the inclusion of terms that are quadratic in the nodal coordinates, the set of discrete deformations captures geometric nonlinearities relevant to the support stiffness of spatially deformed flexure strips. By expressing the z-direction displacement of node q, u q z , in terms of the discrete deformations (essentially solving the e i for u q z ), this effect is taken into account.
Combination of Discrete Deformation
Functions. The functional dependencies of e i on the nodal coordinates are given by Eq. (16) . Discrete deformation e 3 is important, because it has a first-order contribution of displacement u q z , which we are interested in. From this, it follows that u q z has a second-order contribution from the twist angle / x and bending angle / z in node q. These can be replaced by the corresponding e i from Eq. (16) to first order. The z-direction displacement of node q then becomes
where the cubic and higher terms in e i have been omitted.
4.1.3
Interpretation. This specific combination of discrete deformation functions is based purely on kinematic relations and illustrates how the flexure strip deforms to cause displacement of node q in the z-direction. The first-order contribution is e 3 , representing bending in the (x, z)-plane. The second-order contribution is a combination of mode e 2 and e 5 þ e 6 , representing the nonlinearity of combined torsion and bending in the (x, y)-plane.
Discretization Error.
The use of a discrete model for representing the flexure strip in this analytical investigation can induce a discretization error that stems from interpolation. This error can be identified by means of the numeric implementation of the finite element (see Sec. 3 introduction) that the discrete model is based on-the spatial beam finite element in the numeric flexible multibody software SPACAR [13] . In this software, multiple elements can be interconnected to represent beamlike mechanisms in various static and dynamic simulations.
When a single such finite element is used and subjected to the same boundary conditions as the presented discrete model, it has the same static behavior. By then increasing the number of finite elements representing a single flexure strip (i.e., reducing the element size) in the numeric simulation, the accuracy of the solution improves and the discretization error can be identified.
Given that calculations involving torsion have a limited order of convergence when the torsion angle is approximated only linearly, care is taken to check how accurate a single element describes the torsional deformation.
The lateral support stiffness, defined as F q z =u q z , is calculated numerically for a flexure strip with dimensions 80 mm Â 32 mm Â 0.8 mm and Young's modulus 210 GPa, as a function of the dimensionless DoF-displacement u q y =L. By increasing the number of elements that make up the strip, the discretization error becomes apparent, as indicated in Fig. 6(a) : when using only a single element, the stiffness differs considerably from the converged solution (represented by 20 elements).
The need to use multiple elements for representing this deformation behavior can be attributed to the interpolation of the twist angle. As detailed in Sec. 3.1, the interpolation is only linear Transactions of the ASME between the rotations in the nodes. From a numeric simulation, this twist angle can be calculated by means of the second discrete deformation function e 2 , which represents torsion deformation. According to Eq. (16), their relation to first order is / q x % Ne 2 =L, where N represents the number of elements that are used.
For an increasing number of elements, Fig. 6(b) shows the twist angle as a function of the dimensionless coordinate along the beam n ¼ s/L. Clearly, the piecewise linear contributions of each element converge to a twist angle function that is significantly different from the one-element solution. While all the simulations return the same twist angle at the end (n ¼ 1), the twist angle behavior in particular near the midsection of the flexure strip is not captured well by a single element, explaining the need for multiple elements when torsion is involved.
Improved Torsion Interpolation.
For the specific case of deformation in lateral support direction, the torsional accuracy of the element can be improved by refining the interpolation of the twist angle, though this will come at a loss of general applicability. The functions that interpolate between nodal coordinates x are involved in the derivation of the discrete deformation functions e i . This is evidenced by the integral expressions of e i in Eq. (15) in conjunction with strain and curvature relations in Eq. (4). A change in interpolation functions will therefore lead to different expressions for the discrete deformation functions in terms of the nodal coordinates, meaning that Eq. (16) no longer holds.
The twist angle / x ðnÞ is related to the internal torsion moment M x ðnÞ via the specific twist angle j x ðnÞ and the constitutive model M x ¼ GJj x from Eq. (5). From the results of a linear analysis of the displacements that contribute to M x , a more accurate / x can be obtained. This will be detailed in this section.
Due to the flexure strip geometry, displacement u q y (the translational DoF) is much larger than u q z (a DoC) under practical load cases. The contribution of u q z to M x is therefore neglected. Figure  7 shows the deformed shape of the flexure strip in the (x, y)-plane. As a consequence of the deflected shape, the internal torsion moment (directed along the tangent of the elastic line) consists of contributions from global moments M x (n) and M y (n), according to
Moment M x (n) about the global x-axis is caused by displacement u 
clearly showing the contribution of the deformed shape u y (n). This shape can be expressed using the results of a linear analysis of the transverse displacement of a fixed-free beam subject to an end-force only, as
Moment M y (n) about the global y-axis is also caused by F q z and varies linearly over the beam length
Substitution of Eqs. (21)- (23) into Eq. (20) yields
which is the interpolation of the internal torsion moment using a cubic polynomial based on the results of linear deflection analysis. The twist angle then follows as: 
and is visually indistinguishable from the numeric 20-element twist angle in Fig. 6(b) . While this interpolation function is now a quartic polynomial, instead of the conventional linear polynomial (Sec. 3.1), it is no longer general and only applicable to this specific torsion problem. The discrete deformation functions e i in terms of nodal coordinates x, Eq. (16), are affected by the refined / x . From the integral expressions of e i in Eq. (15) , which are independent of interpolation, it can be seen that primarily e 2 is affected, because its integrand is simply the specific twist angle j x . Since e 2 is a measure for torsion deformation, this makes sense.
As was seen in the derivation of the z-direction displacement in Eq. (19) , bending measures e 3 ; e 4 ; e 5 ; and e 6 have a second-order contribution from torsion and are affected as well: the continuous curvature relations in Eq. (4) show that bending curvatures j y and j z consist of a second-order term that involves / x .
Revised Kinematic
Relations. Discrete deformation function e 3 , given by Eq. (15), can be evaluated using Eq. (4) and the refined / x to give
Compared to the original expression in Eq. (16), the first-order term has not changed. Note that, as before, e 5 % u q y to first order, the z-direction displacement of node q now becomes
Material Stiffness and Equilibrium

Generalized Stresses.
As per their construction in Sec. 3.2, the discrete deformations e and the generalized stresses r have an explicit linear relation. It is given by r ¼ Se and e ¼ S À1 r for the stiffness matrix S of Sec. 3.6. This relation can be used to express the relevant e i in Eq. (26) in terms of r i as
where 1=S i;j is the i, jth component of matrix S À1 .
Equilibrium
Equations. Equilibrium (Sec. 3.5) between the generalized stresses and nodal loads is governed by Eq. (17) . Jacobian matrix ð@e=@xÞ consists of derivatives of the discrete deformations e in Eq. (16) with respect to the nodal coordinates x in Eq. (7). This means that equilibrium between r and f is dependent on the configuration (given by the nodal coordinates x) of the element. By approximating the deformed configuration with 
With Eqs. (27)- (29), the z-direction displacement in terms of nodal loads and coordinates becomes
The lateral support stiffness of the flexure strip is
This expression shows a bending, shearing, and torsion term, respectively. The bending and shearing term depend only on material and geometric parameters and would also be captured in a linearized analysis. The torsion term, though, is quadratically dependent on DoF-displacement u c y and only captured in this nonlinear analysis. The corresponding graph is visually identical to the 20-element graph in Fig. 6(a) . The significance of this last nonlinear term is that it explicates the undesired decrease in lateral support stiffness that is observed when the flexure strip is deflected in one of its DoF. This expression explains what parameters can be tuned to optimize the lateral support stiffness of a flexure strip over the range of motion for a given application.
In certain applications, displacement u q y can be greater than L/10. In that case, one can pursue a similar modeling approach while making an appropriate truncation assumption for the discrete deformations in Eq. (15).
Validation Using Prior Art: Extension to a Parallelogram
Flexure Mechanism. Load-displacement equation (30) is valid for the elementary fixed-free flexure strip loaded only by forces F q y and F q z at the free end. In practical mechanisms, however, it is unlikely to find a flexure strip that is not fixed at both ends. This means that in practice, an additional moment M q z about the z-axis at the free end is present, enforcing the zero slope boundary condition. As the fixed-free flexure strip of the previous analysis does develop an internal moment M z due to force F q y , it can be extended to describe the more common fixed-guided strip. This result in turn can be used to rederive an expression from prior art to serve as a validation of Eq. (30) . Figure 8 shows a parallelogram flexure mechanism, widely used in precision design for approximate straight motion guidance, that consists of two such flexure strips and a shuttle in between. The stiffness in the lateral support direction along the zaxis is studied by displacing the mechanism in the DoF along the global y-axis with force F c y in the DoC along the global z-axis with force F c z They are applied at the nominal center of stiffness, which is located at L p =2 from the ground and in the center of the shuttle. Transactions of the ASME Applying a F y force at the center of stiffness leads to the least (theoretically zero) parasitic z-axis rotation of the shuttle [27] . Most notably, the internal bending moment M z developed in the flexure strip about the z-axis displays a symmetry, as indicated in Fig. 8 . For this specific load case, it is zero at the midsection (x ¼ L p /2) of the strip. This means that each fixed-guided strip in this mechanism can be represented by a combination of two fixed-free strips of the previous analysis. The deflection of the fixed-guided strip is then simply twice that of the fixed-free strip.
Substitution of the kinematic and force relations Because this compliance is independent of the y-direction displacement, it presents as a discrepancy solely in coefficient c 0 . This highlights the significance of the presentation of the results in two coefficients: while c 0 captures the main discrepancy between experiment and theory, c 2 still captures the geometrically nonlinear torsion effect of interest very accurately.
The effect of geometric imperfections, caused by, e.g., materials relieving their internal stress upon machining, is investigated by means of flexure strips that have a quadratic instead of straight shape in the initial configuration, as shown in Fig. 11 . The maximum deflection u i y is a measure for nonideal geometry in the (x, y)-plane of the flexure strip. A numeric sensitivity analysis has shown that a deflection of u i y ¼ 3:5t y could explain the discrepancy in coefficient c 0 . While this particular beam shape only serves as a proxy for the actual flexure strip imperfection, it clearly shows how geometry variations can significantly undermine the lateral support stiffness in the initial configuration. In reality, the flexure strips will have distortions to some degree in both in-plane and out-of-plane directions. Together with other inaccuracies in the construction, we expect that these account for the present deviation in coefficient c 0 between theory and experiment. 
Conclusion
This paper has presented the foundation and a validation of a new approach for obtaining closed-form expressions that model the nonideal constraint behavior of spatially deforming flexure strips. The details of a suitable discretized static beam model have been presented. Based on the finite-element assumptions on interpolation, the discrete model facilitates analytical calculations. As a case study, the decreasing lateral support stiffness that accompanies deformation in the intended degree of freedom (DoF) has been studied for a parallelogram flexure mechanism. It has been shown that this performance-decreasing compliance is governed by a geometrically nonlinear contribution due to torsion and quadratically dependent on the transverse DoF displacement. The resulting lateral stiffness expression has experimentally been validated and shown to provide parametric insight with sufficient accuracy for a geometry and load range of practical interest.
